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Historical Approach

Euclid

Euler

Erdés
Furstenberg

First geometric proof by Haydar Goral
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Generality of Notations

@ p always denotes a prime number.

@ Set of all primes are denoted by P.
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p-adic Order (Valuation)

Definition

p-adic order (valuation) of a given non-zero integer n denoted by v,(n)
is the largest power of p dividing n. In other words, for a non-zero integer
n, the equality vp(n) = m means that p™ divides n but p™ 1 does not
divide n.

00 if n=0,

() {max{k €No:pf|n} ifn#0
Vp =
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Example: p-adic Order
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p-adic Absolute Value

Definition

p-adic absolute value of a non-zero integer n is defined as:
|n|P = p—l/p(n)’

and |0|, = 0 as usual.
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Example: p-adic Absolute Value

18] = |-18]p = 272(1®) = 271 —

|18]3 = |—18[3 = 3730 =32 =

O| = N —
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More on p-adic Absolute Value

To clear few things out we can see these as observations:

1
lp=1and |p|p = =
11l IPle =2

for any p € P. If pla, then |a|, < %, and if pt a, then |a|, = 1.
Trivially we can see that:

0<lal, <1and |a, = |-al,

for any integer a and prime p.
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Metric and Metric Space

Definition (Metric)

Let X be a non-empty set. A metric d on X is a map
d: X x X — [0,00) such that the following three conditions are satisfied:

o (Positivity) For all x,y € X,d(x,y) >0and d(x,y) =0 <= x=y.
o (Symmetry) For all x,y € X, d(x,y) = d(y, x).
o (Triangle Inequality) For all x,y,z € X, d(x,y) < d(x,z)+ d(z,y).

Definition (Metric Space)

If d is a metric on X, then the pair (X, d) is called a metric space.
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p-adic Metric

Definition
The p-adic metric between integers x and y is defined as:

dp(Xa.y) = ’X_.y|P

Proposition 1

| A\

For any prime number p, the map d,, is a metric on Z.
To prove that d,, is a metric on Z we should show that it satisfies three
properties of being a metric space.

o Positivity
@ Symmetry

o Triangle Inequality
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Let x and y be two integers. From definitions we can see that,

dp(x,y) = |x — y|p > 0 and dp(x,x) = |x — x|, = 0], = 0.

Suppose dp(x,y) = 0. We must show that x = y. If x is different from y,
then x — y # 0, and there exists a non-negative integer m such that p™
divides x — y but p™*! does not divide x — y. We have vp(x —y) = m
and so

dp(x,y) = |x—ylp=p " #0

which is a contradiction to our assumption. We conclude that
dp(x,y) =0 = x=y
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Symmetry

Let x and y be two integers. If x = y, then it is trivial:

dp(X>Y) =0= dP(y7X)

If x # y, we can see that by the properties of p-adic order

p(x — y) = vp(y — x),

and it follows again that d,(x,y) = pex=y) = p=vely=x) = dp(y, x).
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Triangle Inequality

Let x, y and z be three integers. If x = y,x = z, or y = z, then the
triangle inequality follows either trivially or from positivity. We assume
that x, y and z are distinct integers. Let

m=vp(x —y),n=vp(x—2z), and k = vp(z — y).
Suppose that n < k. Since
x—y=(x=2)+(z-vy)

and p" divides x — z and z — y, we see that p” also divides (x — y). This
shows that n < m. Thus,

dp(x,y) =p " < p "< p "+ p K =dp(x,2) + dp(z,y).
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Proposition 2

Let X be a non-empty set and ps, ..., px be metrics on X. Then the map

p(x,y) = p1(x,y) + -+ pk(x, y)

is also a metric on X

d(Xy)/) = dZ(Xay)+d3(X7y)+d5(X7Y)+d7(X7y)
==yt x=yls+|x—yls+|x—yl

is a metric on Z
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Geometric Proof of Infinitude of Primes
There are infinitely many primes.

Suppose that P is finite. So we can list all primes as ps, ..., px where
k > 1. For a, b € Z, define:

k
d(a, b) = Z dp(a, b) = Z|3 — blp = Z|a — by,
i=1

pEP pEP

Note that the sum above is actually finite as implied by the last equality.
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Geometric Proof of Infinitude of Primes

Proof (Cont.)

By Propositions 1 & 2, we can see that d is a metric on Z. For any
integer m, we have

dmm+1)=dmm-1)=) |l[,=> 1=k

peP peP

If n¢ {m—1,m m+ 1}, then the integer m — n is of absolute value
greater than or equal to 2, and hence it is divisible by some prime q.

N

|m—nlg < = <

Q|+~
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Geometric Proof of Infinitude of Primes

Proof (Cont.)
Therefore, if n ¢ {m —1,m, m+ 1} then

d(m,n) =|m—n|q+ Z |m — nl|p
peP—{q}
+ > 1<tyue 1—/<—1
2
peP—{q}

QI'—‘
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Geometric Proof of Infinitude of Primes

Proof (Cont.)

Moreover,

dm—1,m+1) =312, =[2+ Y. 2,
peP peP—{2}
1 1

= 4k—1=k-=
2t 2
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Geometric Proof of Infinitude of Primes

Proof (Cont.)

We define the open ball of radius r > 0 and center x € Z to be the set
B(x,r)={y €Z:d(x,y) <r}.
Based on the observations, we now claim that for any integer m, we have
1
B (m+1,§> ={m+1}.

To see this, notice that we clearly have m+ 1 isin B(m+1,1). Let
n# m+1bein B(m+1,3), which is to say that d(m +1,n) < 1.
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Geometric Proof of Infinitude of Primes

Proof (Cont.)

Note that the above observations imply that n cannot be m or m — 1 since
k >k — % > % Thus, we may assume that n is different from

m —1,m,m+ 1. Then by the equation, we have that d(m, n) < k — %
Applying triangle inequality to d, we get that

= k,

1 1
k=d(m,m+1) <d(m,n)+d(nm+1)<k-3+3

a contradiction. This shows that claim is true. )
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Geometric Proof of Infinitude of Primes

Proof (Cont.)

However, we can also show that the claim is not true. Choose positive
integers b; such that

L _1
p2 2k

1

fori=1,... k. Setﬁzpfl...pfk.Then

1 1 1 1
0 = = ook = < ke =
T S T 2

This contradicts the claim above for m = ¢ — 1, and hence establishes that
there are infinitely many primes. Ol

o
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